Vibration energy scavenging with piezoelectric material can currently generate up to 300 microwatts per cubic centimeter, making it a viable method of powering low-power electronics. Given the growing interest in small-scale devices, particularly wireless sensor networks, concerns over how to indefinitely power them have become extremely relevant. Current limiting factors in the field of piezoelectric vibration energy scavenging include: coupling coefficients, strain distribution, and frequency matching. This paper addresses each of these three factors with a novel design and a corresponding analysis of its performance. For example, the power output of a cantilevered rectangular piezoelectric beam is limited by its uneven strain distribution under load. A prototype scavenger using a harmonically matched trapezoidal geometry solves this problem by evening the strain distribution throughout the beam, increasing by 30% the output power per unit volume. Another design is created which softens the frequency response of the generator, relaxing the constraint of frequency matching. The paper concludes that each of the three challenges to vibration energy scavenging can be met through creativity in mechanism design, making higher power densities possible and broader applications more feasible.
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I. Introduction
BIQUITOUS networks of wireless sensors have the potential to significantly impact industry and society. Example application areas include: smart buildings, manufacturing efficiency, vehicle control, the safety of food supplies, and health care. Ultra-low-power wireless nodes are the key to realizing this potential.
While sensors and wireless electronics to support pervasive computing are becoming more prevalent, power supply to wireless sensor networks remains a challenge 1 . With the rate of improvement in batteries, it cannot be hoped that a small battery will power a wireless sensor node throughout the node's lifetime. Furthermore, if wireless sensors are to be pervasive, replacing batteries is infeasible. Energy scavenging offers an alternative to solve the energy supply problem and a number of approaches have been studied over the past years. Several researchers have pursued naturally occurring temperature variations as one potential source [2] [3] [4] . Shenck and Paradiso 5 have built shoe inserts capable of generating 8.4 mW of power under normal walking conditions. Much research has focused on solar (photovoltaic) power 6 . Although all of these power sources have an important role to play within the world of energy scavenging for wireless sensor networks, the focus of this paper is on vibrations as a power source, as this energy source is most ubiquitously available. Vibration generators based on electromagnetic 7-10 , electrostatic [11] [12] [13] , and piezoelectric [14] [15] [16] conversion have been suggested in the literature. After an extensive study, Roundy 17 concluded that for the size and power requirements for wireless sensor networks, piezoelectric vibration-to-electricity converters offer the most potential for meeting the demands of wireless sensor networks.
The most common type of piezoelectric generator is the piezoelectric/metal sandwich beam mounted as a cantilever, shown in Fig. 1 . In this configuration, the inertial mass (M) amplifies ambient vibrations, deflecting the metal beam and straining the piezoelectric ceramic (PZT) with which it is coated. Current piezoelectric converters of this design generate about 300µW per cubic centimeter.
Prototypes have been manufactured to show that energy can indeed be scavenged from ambient vibrations, as well as to prove that this is a feasible method of powering wireless sensor networks 18 . Many scavenger devices have been demonstrated, but a number of challenges limit their application.
First, the coupling coefficient of the piezoelectric material, related to the efficiency, limits the amount of electrical energy generated per unit of mechanical energy applied. Second, the varied strain distribution in current designs leaves the piezoelectric material under-utilized, resulting in sub-optimal efficiency. Third, the constraint of matching the natural frequency of the generator to the fundamental frequency of its environment (to achieve resonance) remains a daunting challenge. This paper suggests three mechanical designs to meet each of these three challenges and provides analysis for fair comparison with current technology, with the end goal of making vibration energy scavenging a practical reality for powering wireless sensor networks in any environment. 
II. Coupling Coefficient
One challenge to developing vibration energy scavenging has been the coupling coefficient, or the amount of electricity generated as compared with the amount of mechanical strain applied. Until now, piezoelectric vibration energy has been generated primarily utilizing the 3-1 coupling mode, as shown in Figure 2a , below. The 3-3 coupling mode (Fig. 2b) is defined by a force applied in the same direction as the piezoelectric poling, whereas the 3-1 coupling mode is utilized when a force applied is in the direction perpendicular to the piezoelectric poling. Other modes are not considered here, due to their relatively small coupling coefficients.
The coupling coefficient (k) is defined by Eq. (1). Table 1 lists material properties of some promising piezoelectric materials, showing that the 3-3 coupling mode has a consistently higher coupling value than does the 3-1 mode.
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Using Eq. (1), it is possible to calculate that for PZT the 3-3 coupling mode is nearly three times as efficient as the 3-1 mode. Drawn by this large efficiency difference, methods of utilizing the higher-power, 3-3 mode were investigated. A force magnification was necessary to achieve greater strain. A possible design is shown in Fig.  3 . 
Side View
The slender members of this design would consist of very stiff material, with robust joints. Each member would leverage a force applied at its tip (from vibrations shaking each mass) to be much higher at the PZT stack. By adding more members in a circular fashion, the design would achieve mechanical stability and force integration.
A. Theory
In order to determine whether or not this design is an improvement in energy generation over current designs, it was compared to the traditional cantilever beam design. To ensure a fair comparison, the following terms were kept equal:
• Volume of PZT • Force applied (inertial mass multiplied by acceleration)
• Device volume
• Maximum strain The energy output was then calculated by multiplying the charge and the voltage produced by each design. (See Table 2 .)
This problem is under-constrained, and therefore many different sets of geometrical values can meet the required relations. A range of mechanically reasonable geometries were investigated.
B. Discussion
The calculations show that although the 3-3 mode has a much higher strain-to-energy conversion rate, actually inducing strain in this mode is difficult. Using the same applied force on both devices, the power output for the 3-3 piezoelectric stack is 2 orders of magnitude lower than power output in the equivalent 3-1 cantilever. However, in a high-force application, the piezoelectric stack design has two advantages over the cantilever. First, because it does not easily strain, it is much more robust. Second, it has higher efficiency.
Typical household or office vibrations have amplitudes of less than 10m/s 2 ; with such small accelerations, translating to small applied forces, the stack mechanism would be unable to generate significant energy. In environments such as heavy manufacturing facilities or in large operating machinery, a stack would stand up to a harsh environment while generating useful energy. Non-vibration applications, such as an occupant sensor in a chair leg or a wireless sensor in a mechanical stop, could also be imagined. After developing the theory for Table 2 . Equations for comparing the piezoelectric stack to the cantilever beam.
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= this device, it was concluded that the application space was too narrow to merit building and testing a prototype. Instead, efforts were focused on further evaluating the other two challenges to vibration energy scavenging.
III. Strain Distribution
When considering the implementation of long-term vibration energy scavengers which vibrate at resonance for maximum energy production, fatigue becomes a concern. In order to ensure that a PZT generator will maintain performance, the material strain limit of 1,000µstrain is strictly adhered to.
As shown in Eq. (1), electrical energy out is proportional to mechanical strain applied. For this reason, it is desirable to maximize the strain at each point in the beam to fully utilize the potential energy in piezoelectric material. Optimally, the strain distribution in the beam, when deflected, would be completely uniform and at the strain limit.
Unfortunately, in the traditional cantilever beam design, a simple finite element analysis (or a quick thought experiment) indicates that there will be a large stress concentration at the base. (See Fig. 4 .) Whereas there exists a small area of maximum strain at the base, the tip is hardly strained at all, meaning about half of the piezoelectric material in the beam goes unutilized. By modifying the top-view footprint of the cantilever beam to allow for a more uniform strain distribution, the average strain can be raised significantly, alleviating this under-utilization problem.
The primary cause of the stress concentration at the base of the cantilever beam is the moment induced by the inertial mass. By providing a linearly increasing wider cross-section of the bender to support the increasing moment the beam feels, nearly uniform strain can be achieved. This suggests a triangular shape with a theoretical point mass, or a trapezoidal shape with a real end mass.
In order to test out the theory of the cantilever beam with a trapezoidal footprint, it was compared to a traditional rectangular cantilever. To ensure a fair comparison, the following were kept equal:
• Volume PZT • End (inertial) mass • Natural frequency • Maximum strain
The traditional sandwich beam design, with a metal support surrounded by PZT layers, was used. To optimize both the rectangular and the trapezoidal beams, Eqs. (2) were used to calculate the tip displacement (z), the spring constant (k sp ), the natural frequency (ω n ), and the strain(ε) at each position in the beam. Results are shown in Fig. 5 , demonstrating that the more triangular the shape of the beam, the more even the strain distribution, and therefore the more energy is generated per unit volume PZT.
Where E is the modulus of elasticity, M is the moment induced by the end mass, I is moment of inertia of the beam, F is force applied to the tip (end mass multiplied by acceleration), x is distance along length of beam, a is the narrow width of the beam, m is the end mass, y is the position in the thickness of the beam, and w and h are the width and total thickness of the beam.
It is shown that at the realistic manufacturing limit of triangularity in the cantilever beam, the power output is 50% higher than that of a comparable rectangular cantilever.
Compressive forces generated transversely as the beam deflects are not accounted for in the model. A finite element model shows the actual strain distribution in a trapezoidal cantilever beam. (See Fig. 6 .) From this figure, it is clear that although the strain distribution of the trapezoid is much improved from that of the rectangle, there is still one area of concentration. In order to have completely uniform strain, further optimization of the beam footprint would need to be performed. However, due to its extremely brittle nature, cutting PZT is difficult, and any process more complex than a straight cut would greatly increase price, without significant improvement in power out. Therefore, the footprint has been left as a trapezoid with semi-uniform strain and good manufacturability.
A. Method
Comparable designs for cantilever beams with both rectangular and trapezoidal footprints were custom-ordered from Piezo Systems, Inc. Clamps and end masses for each beam were also designed and fabricated. Figures 7a  and 7b show the two beam designs. The beams were tested using a vibrating table driven by a signal generator and an amplifier. An accelerometer was attached to the setup to ensure that both beams were driven with equal acceleration. An oscilloscope took measurements from the accelerometer and the output of each beam. To avoid parasitic capacitance, a unity gain buffer was used on the beam signal. The ideal electrical resistive load was calculated for each of the two designs, using Eq. (3). The output of the beam (through the unity gain buffer) was read across its ideal resistive electrical load, in order to ensure a perfectly fair comparison. Beams were tightly clamped and driven at their resonant frequencies. Power out was calculated using Eqs. (4) . 
B. Results & Discussion
Experimental results showed a 30% higher power out in the cantilever beam with the trapezoidal footprint. This varies slightly from the theoretical 50% higher power out. Differences can be attributed to inaccuracies in the dimensions and material properties of the beams. Also contributing to discrepancies are the imperfect linear spring assumption and the neglect of the bonding layer between the metal support shim and the PZT.
The 30% gain in efficiency for the trapezoidal cantilever translates to a smaller, cheaper generator for the same power requirement, or an ability to use more energetically expensive sensors or wireless sensor network processes.
Ideal application spaces for the trapezoidal cantilever are the same as application spaces for the rectangular cantilever. For example, it could generate power for sensors in light manufacturing, or in HVAC air ducts. These are environments in which a high power density is required, where low vibrations exist, and no sudden impacts are likely (eliminate concern about over-strain). Additionally, it is important that the fundamental frequency of vibration of the environment exactly match the natural frequency of the cantilever beam system in order to maximize power out. Unfortunately, there exist few environments in which this last constraint can be realistically met.
IV. Frequency Matching
One difficulty with current piezoelectric generator designs is that their natural frequency must closely match the fundamental frequency of vibration of the environment in order to resonate and output maximum power. This problem is illustrated in Fig. 8 . The system represented by this graph has a natural frequency of 125Hz. When the system is driven exactly at 125 Hz, it achieves resonance and outputs high power. If the system is driven at 25 or 50 Hz away from its natural frequency, its power output falls by one and two orders of magnitude, respectively.
It is difficult to closely match the fundamental and natural frequencies for several reasons. First, it requires precision manufacturing. A slight change in the material properties, or in the dimensions of the beam or inertial mass can alter the natural frequency of the generator. Second, frequencies change. A single machine may have several different fundamental frequencies corresponding to its various modes of operation. Or, as the machine wears, its fundamental frequency may drift. Third, the fundamental frequency of an environment is highly sensitive to exact location. For instance, the fundamental frequency of vibrations in the corner of an air duct is very different from the fundamental frequency measured in the center panel of the same air duct. This need to exactly match the fundamental and natural frequencies has kept piezoelectric generators from becoming a practical reality outside of controlled environments.
In response to this problem, an alternative geometry for the generator was sought which would magnify power output in the same way resonance does, without creating the tight constraint of frequency matching that resonance imposes. The chosen design puts a beam in pin-pin compression up to the critical buckling load, with a centered inertial mass, as shown in Fig. 9 . It is a bi-stable device that generates power by 'snap-through', from one stable mode to the other. Force magnification occurs due to a constant compressive force in the structure. The 'snap-through' is initiated by the inertia of the mass, as the whole device vibrates with the environment. It was hypothesized that this design would relax the constraint of frequency matching.
A. Method
In order to test the bi-stable mechanism, and to compare it to an uncompressed pin-pin-supported beam, a testbed was designed and fabricated to support and accurately compress the beam. (See Fig. 10 .) The piezoelectric beams, ordered from Piezo Systems, Inc., consist of a brass shim coated in PZT, of thickness 0.015". A differential micrometer was used to drive the compression of the piezoelectric beam. An inertial mass of 22g was super-glued to the beam. An accelerometer was attached to the setup to ensure equal acceleration between tests. The setup was mounted to a vibrating table, which was driven by a signal generator and an amplifier. An oscilloscope read data from the accelerometer and the piezoelectric beam, which was attached to a resistive load. A force gauge read the compression force. The same beam was tested alternately in compression (as the bi-stable mechanism) and as an uncompressed beam. Data was taken at a 19 second sweep between 100Hz and 20Hz. This range was chosen because frequencies below 20Hz are rare in real-world environments; frequencies above 100Hz generated little energy for either design. This range covered the resonance frequency of each of the designs. Data was also taken in 5Hz increments over this range for direct comparison.
B. Results
With a mass of 22g attached to the center of the beam, an acceleration of 4 'g' (4 times the acceleration due to gravity) was needed to snap the beam through buckling between its two stable modes. Two representative results of the frequency sweep are shown in Fig. 11 . Readings were taken for distinct frequencies for each beam, all at equal acceleration. The ratio of power output from the bi-stable mechanism to the uncompressed beam were calculated. Two representative results are provided in Fig. 12 . Figure 11 demonstrates the difference in frequency response between the bi-stable mechanism and the uncompressed beam, showing that the bi-stable mechanism has a comparatively wider and gentler peak power. By defining the available power as the integral of the power out over the relevant frequency sweep of 20 to 100 Hz, the universality of the designs can be compared. The bi-stable mechanism has a wide range in performance, but consistently has more available power -30% to 100% more -than does the uncompressed device. Figure 12 further demonstrates the higher available power of the bi-stable mechanism, with the ratio of power out almost always favoring the bi-stable mechanism. At resonance, the two designs have similar power outputs. However, if the fundamental frequency falls more than 5 Hz away from the beam's natural frequency in either direction, the bi-stable mechanism's power output is much higher. At low frequencies, the bi-stable mechanism generates 4 to 7 times more power than the uncompressed beam. The results warn that the power output, despite being cumulatively more across a broad sweep of frequencies, is still low for the bi-stable mechanism when offresonance. Still, for applications in which fundamental frequency cannot easily or economically be matched, this design is a simple solution for at least doubling the power output over current designs.
C. Discussion

An integrated design
Rectangular piezoelectric beams were used for these experiments because they are easy to acquire. Combining the lessons of the trapezoidal cantilever and the bi-stable mechanism, it is clear that the footprint of the beam could be optimized to increase the power out by another 30%. (See Fig. 13 .) It should be noted that the required driving acceleration of 4 'g' is a very large acceleration, found in select but important environments such as industrial, aerospace and automotive applications. The conclusion is drawn that the bi-stable mechanism is a superior design in applications of uncertain or changing fundamental frequency, the most common real-world scenario.
V. Conclusion
Many of the current challenges in vibration energy scavenging with piezoelectric material can be solved by utilizing new mechanical designs, and considering real-world, rather than ideal, environments.
• Although the piezoelectric stack design is more efficient and more robust than the traditional cantilever beam, its application space is extremely narrow, requiring very high forces for power generation.
• Changing the top view footprint of a piezoelectric beam can even the strain distribution, leading to a 30% increase in power output per unit volume PZT. This is applicable to any current cantilever scavenger.
• Using a bi-stable mechanism can relax the tight constraint of frequency matching, and create a more universal solution to micro-power generation. By optimizing the footprint of the bi-stable mechanism, the power output and universality of the design can be further augmented. This makes powering wireless sensor networks with vibration energy scavenging a practical reality outside the lab.
